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Abstract

Pulse responses recorded by the mass spectrometer of a TAP apparatus are subjected to noise. A general theoretical framework for noise studies
and classification has been developed and applied to experimental data obtained at Ghent University (Belgium) and Washington University in St.
Louis (USA). Two types of noise have been distinguished: Gaussian noise and spectrally localized noise. While the first one is believed to be
essential, the second one is due to mains frequency interference. These types of noise are clearly distinguished from uncertainty caused by a
variable pulse intensity. Analytical expressions are presented, and a regression is found to enable the experimentalist to analyze the noise
quantitatively. This can be used as troubleshooting tool for the functioning of the TAP-setup. Increasing the sampling frequency can improve the
precision by which physico-chemical parameters are estimated by regression of the pulse responses. When Gaussian noise is dominant, its

correlation time determines up to which frequency this improvement is possible.

© 2006 Elsevier B.V. All rights reserved.
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1. Introduction

Kinetic dependences obtained in non-steady-state chemical
experiments are liable to noises. TAP studies [1,2] provide an
opportunity to perform a thorough stochastic and statistical
analysis, particularly a noise analysis based on large amounts of
data that can be collected in a short amount of time. In fact, such
an opportunity is unique in chemical kinetics. Multi-pulse
experiments are performed using anywhere from 1 to 30,000
pulses, each pulse being separated by 1-30s. The signal
recorded by the mass-spectrometer may be looked upon as a
superposition of the ‘pure’ pulse response related to the studied
processes and noise. The noise may be a superposition of
multiple noise types.
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Mostly, the noise constrains the experimentalist to average
multiple pulse responses originating from subsequently
performed experiments. Typically, 20-50 pulse responses are
averaged to a single pulse response with an acceptable
(optimal) signal to noise ratio, SNR.

The goal of this paper is to present the theoretical framework
for primary noise analysis of TAP-data and illustrate it by some
useful examples. The noise analysis will significantly improve
quantitative information on the precision of diffusion/kinetic
parameters obtained in TAP-experiments.

Noise actually limits the experimental conditions at which
meaningful conclusions can be drawn. Indeed, whenever these
conditions cause noise to become dominant, any conclusions
would be illegitimate. This paper should present a first step in
the discovery of the experimental latitude. Especially, this
experimental latitude imposes a window of measurable rate
coefficients. Depending on the experimental setup used, this
may further limit the window previously derived from purely
physico-chemical considerations [3].

In the future, the theoretical framework presented in this paper
could be a part of the systematic analysis for distinguishing
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Nomenclature

Roman symbols

Cv(pj» p1)

Covar [A, B]

E[A]
(FY(w)))
i
M
N
i
T

xi(8)

X))

autocovariance: covariance of stochastic
variables Y(p;) and Y(p,) of a random
sequence: Covar [Y(p;), Y(pi)]

covariance of stochastic variables A and B:
Covar [A, B] = E[(A — E [A])-(B — E[B])]
expected value of stochastic variable A
discrete Fourier transform of a random
sequence (¥(z))

imaginary unit: i = —1

number of pulse responses in a set
number of samples per pulse response
time between the pulse and the measure-
ment of sample j (s)

total collection time of a pulse response:
T =N Az (s)

sample j of the kth pulse response of a
set (V)

stochastic process, model for a sampled
pulse response (V)

Greek symbols

At

Az

8ey

&p
uy(p))

Vj

0
P¥Y(Dj> Pr)

()
U%/(Pj)

wj

sampling interval (sampling period): time
between two consecutive samplings by the
mass spectrometer signal (s)

reactor bed length (m) { 1 when x =1y

Kronecker delta: §,, = 0 when x#y

reactor bed porosity
mean (expected value) of stochastic
variable Y(p;) of a random sequence:
uy(py) = E [Y(p)]

frequency: v; =j/N At (Hz)

correlation time (s)

coefficient of correlation of stochastic
variables Y(p;) and Y(p,) of arandom sequ-
ence: py( pjs pi) = CU(pjs p)/(o X por(pi))
time average variance of X(z;) (V%)
variance of stochastic variable Y(p;) of a
random sequence: oy (p;) = Cy(p;, p;)
pulsation (angular frequency): w;=2myj
(Hz)

Mathematical symbols

acA
{a, b,...}
la, b[
a+ib

|a + ib|

a is an element of set A

set containing the elements a, b, ...

set of real numbers x, with a < x < b
complex conjugate of a + ib: a — ib (a and
b real)

modulus of the complex number a + ib

(aand breal): /a* + b*if b= 0, |a| ais the
absolute value of the real variable a

noises caused by different physical and physico-chemical
reasons, particularly for distinguishing process noises and noises
of the measuring device. Also based on the results of this noise
analysis, the concrete noises related to different subsystems of
the device (valve, mass-spectrometer, etc.) have to be identified.
The noise analysis will play a special role in performing the so-
called Y-procedure proposed in [4] for extracting model-free
reaction rate data from the results of TAP-experiments. The Y-
procedure applied to data obtained on a thin-zone TAP-reactor
(TZTR) [5] involves Fourier analysis. This necessitates a transfer
from the time to the frequency domain by Fourier Transform. The
noise, and its manifestation in the frequency domain particularly,
has to be taken into account while performing the Y-procedure
and interpreting its results.

Experimental data obtained at the TAP-1 setup at Ghent
University and the TAP-2 setup at Washington University are
the object of the present study.

2. Stochastic processes

The description of noise is best done in terms of the theory of
stochastic processes. Consider a sequence (X(pg), X(p1), - - -»
X(pp_1)) of random variables, where po < p; < ... < pp_ are
values adopted by a certain parameter p. Shortly, the sequence
can be written as (X(p;)). Such a sequence is called a random
sequence [6,7] or a discrete-parameter stochastic process [8,9].
Consider the most general case where the random variables are
complex.

Each mean ux(p;) is the expected value of the sample at

p=p;
nx(p;) = EX(p;)]. (1)

(ux(p;)) may thus be called the mean sequence.
The autocovariance Cx(pj, pi) is the covariance of the
corresponding samples X(p;) and X(py):

Cx(pj, pr) = Covar[X(p;), X(py)] (2)

Cx(pj, pr) = E[(X(p;) — ux(p;)) - (X(pe) — nx(p))]  3)

Cx(pj, pv) = EPTP/)X(Pk)] — pux(p;) - ux(py)- “4)

Note that Cx(p;, pr) and Cx(py, p;) form a pair of complex
conjugates.

A random sequence is called white noise if different random
variables in the sequence are uncorrelated:

j#k=Cx(pj, py) = 0. &)
Random sequences that are not white noise are called colored
noise.

The standard deviation ox(p;) of sample j is given by

UX(Pj) = CX(pjapj)' (6)

If the standard deviation of all its elements is the same, the
random sequence is called homoskedastic. If not, it is called
heteroskedastic.
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Finally, the dimensionless correlation coefficient px(pj, pi)
of the jth and pth sample, is obtained as

Cx(pjs pr)

O"X(Pj)ffx(l’k) . @

px(Pj, Pi) =
3. Procedure
3.1. Estimation of stochastic properties

Consider a recorded pulse response subjected merely to
baseline correction. Taken from an electric signal produced by a
mass spectrometer, they therefore have the dimension of an
electric charge. As it is liable to stochastic noise, a pulse
response may be modeled as a random sequence (X(zy), X(#;),
..., X(ty_1)), where the parameter ¢ is the time progressed since
the feed gas was pulsed. Traditionally, the samples are taken at
equidistant times:

tj = jAt, )

where the time Az between two consecutive samplings is called
the sampling interval.

The mean or expected pulse response is obtained by
estimating

1 M
nx(tj) = szk(tj)a ©))
k=1

where x(1)) is the sample taken at time #; in the kth experiment
(pulse response). The autocovariance is estimated by

i) = 7 30 (360 = @) - (300) ~ ato))
o (10)

This estimation is also used for the standard deviation profile
(ox(t)), using Eq. (6).

Each pulse response is subjected to the discrete Fourier
transform. The discrete Fourier transform of the random
sequence (X(#)) is a random sequence itself:

(FX(wo), FX(w1), ..., FX(wn-1)),

where by definition,’

A A
FX(w) = 5> X(w)e (11)
k=0
in which
2]
w; = N—Aft. (12)

! Alternatively, the discrete Fourier transform is often defined as
FX(w;) = SN0 X (1) e “i' . However, definition (11) provides the maximum
degree of symmetry between the time and the frequency domain.

is a pulsation, corresponding to a frequency

a)j J
==L 13
YT T NA (13)
The discrete Fourier transform of a sequence may also simply

be called its spectrum.
As all X(t;) are real stochastic variables, definition (11)

implies that

For this reason, beyond the so-called Nyquist pulsation
wpyp = /A, no extra information can be extracted from the
discrete Fourier transform.” The Nyquist pulsation is the
highest pulsation at which the discrete Fourier transform has
physical meaning.

Estimations similar to (9) and (10) are performed for
trx(w;), Crx(w;j, ) and orx(w;) in the frequency domain.

The typical statistical point of view is that the higher the
number M of repeat experiments, the better all estimations
become. However, in reality this concept has to be tested
experimentally because of presence of additional factors/
processes. During the adsorption/reaction process, which
occurs in multi-pulse experiments, the surface coverage and,
therefore, catalyst state change gradually. Such changes impose
an upper limit to the number M of experiments needed for
characterization of the chosen catalyst state (state-defining
characterization). Even data of simple diffusion processes with
no interaction between the gas substance and material surface
may be shadowed by trends of some experimental character-
istics (pulse intensity, temperature, etc.).

3.2. Experimental data

As a basis of the current statistical study, a proper dataset
should result from a lot of experiments where the catalyst is left
net unaffected by each pulse to avoid the pulse responses to
change shape. This is the case if the feed gas is inert, if the
catalyst is in fact an inert material or if in another way the net
adsorption of the feed gas on the catalyst is zero during each
experiment.

The data set from Ghent University contains 600 pulse
responses from a TAP-1 setup. An estimated average number of
1.2 x 10" oxygen molecules were pulsed over a three-zone
TAP reactor at 500 °C. In central position was a bed of TigV5y
catalyst [10], vanadia based and obtained by DC magnetron
sputtering on a ZrO,/SiO, support. This zone was 21.78 mm
long and sandwished between two beds of quartz beads, the first
one of which 1.34 mm long and the second one 5.3 mm long.
Both the quartz beads and the catalyst support particles had
diameters of 250-425 pm. The catalyst was not further
oxidized by the oxygen pulses. Therefore, the oxygen responses
are uniform and fit for the statistical analysis. Each pulse
response is stored as a sequence of 1000 samples taken every
0.4 ms. The collection time per pulse thus adds up to 0.4 s.

2 Corresponding Nyquist frequency: vy 2= ﬁ.
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Fig. 1. (a) Average of non-baseline-corrected oxygen pulse responses obtained at Ghent University. These were obtained on a TAP-1 system loaded with a vanadia-
based catalyst [10] sandwiched between two zones packed with quartz beads of the same diameter as the catalyst particles. The bed was at 500 °C. The catalyst is not
further oxidized by the pulses. (b) The grey curve represents the second half of (a). Clearly, the signal is not yet completely extinct at the end of the pulse recording. For
this reason, the location of the baseline cannot, as is customary, be estimated as the average of the last couple of hundreds of samples. Rather, the grey curve is non-

linearly regressed with an exponential profile a e ~*

+ c. The result is shown as the black full line. The black dashed line represents its horizontal asymptote. The

location of the baseline of all separate pulse responses is now estimated as the average of the last 500 samples (from 200 to 400 ms) less a e~ (c) shows the last 500
samples of an example pulse response in grey. The black dashed line shows the estimated location of the baseline for this particular pulse response. The full black line

represents a e * superposed on this baseline.

An extra time gap of 0.5 s was left between the end of the
collection of each pulse response and the next pulse.

Fig. 1(a) shows the average non-baseline-corrected oxygen
pulse response. Fig. 1(b) is a magnification of the second half of
this response, close to extinction. It is apparent that the signal is
not yet completely extinct by the time the response is stopped
being recorded. Therefore, the location of the baseline cannot,
as is customary, be estimated as the average of the last couple of
hundreds of samples. A more refined approach consists of
regressing the second half of the average pulse response with
an expression a e +c. Subsequently, amounts ae " are
subtracted from the last 500 samples of all pulse responses prior
to their being averaged to yield the estimated baseline position.
Thus, all pulse responses are separately baseline corrected.
As an extra time gap of 0.5s was left between any two
subsequent pulses, it can be assumed that the former response
is extinct by the time the recording of the latter is started.

The data set from Washington University contains 1000
pulse responses from a TAP-2 setup. Here, an estimated number
of 2.8 x 10" krypton atoms were pulsed over a 31.8 mm long
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bed of quartz particles with a diameter of 210-250 wm. The
temperature of the bed was 50 °C. The collection time was 4 s
and 1000 samples are taken per pulse response, making the
sampling interval 4 ms. An extra time gap of about 0.1 s was
applied between the collection of subsequent pulses.

To perform the baseline correction of all pulse responses, the
method used for the data from Ghent University was also
applied here. As was the case there, the last 500 samples out of
1000 were used for the estimation of the baseline location. This
time only an extra 0.1 s is left between the end of a pulse
recording and the next pulse. Therefore, some krypton atoms of
the former pulse can be expected still to be present in the bed
when the latter is given. However, their number can be assumed
to have a negligible effect.

From this point on, the data sets from Ghent and Washington
University will be referred to as the UGent set and the WUStL
set, respectively. They contain the baseline-corrected pulse
responses.

Fig. 2 depicts semilogarithmic graphs of the average
baseline-corrected pulse responses of the UGent set and the
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(b)

Fig. 2. (a) Semilogarithmic graph (in black) of the average of 600 baseline-corrected oxygen pulse responses obtained at Ghent University, over a three-zone TAP-
reactor with central vanadia-based catalytic zone. (b) Semilogarithmic graph (in black) of the average of 1000 baseline-corrected krypton pulse responses obtained at
Washington University, over a single quartz zone. The grey lines in (a) and (b) represent the final exponential decay. Both pulse responses show a convex tail, which
indicates that some molecules have interacted reversibly with the TAP reactor bed.
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Fig. 3. (a) An oxygen pulse response (in grey) and the average of 600 such
pulses from the UGent data set (in black). (b) The example response’s deviation
from average.

WUSTtL set. Fig. 2(b) for the WUSHtL set clearly shows how the
tail of the pulse response is the superposition of two logarithmic
decays. The first is due to the simple diffusive release of
krypton atoms that have not interacted with the surface of the
quartz bed. The second is due to the slow release of krypton
atoms by the surface. Apparently, some krypton interacts
reversibly with the quartz. The corresponding exponential
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Fig. 5. Standard deviation of all samples in a pulse response from the UGent set
vs. their sample time.

decay a e is the one found in preparation for the baseline

correction. It is represented by the grey line. Albeit less clearly,
Fig. 2(a) shows similar behaviour of the oxygen molecules
constituting the pulse responses from the UGent set. This is less
surprising as oxygen can indeed be expected to undergo
reversible adsorption on the vanadia-based catalyst.

4. Spectrum of TAP-noise
4.1. Gaussian noise

4.1.1. Normal distribution and standard deviation

Fig. 3 depicts the mean pulse response (ux(t;)), estimated
from all pulse responses of the UGent set as in Eq. (9). It also
shows an example pulse response and its deviation from the
mean.

Traditionally, the deviations from the mean would be
assumed normally distributed around zero. For the UGent data
set, this assumption is verified in Fig. 4. It shows histograms of
the deviations from the average of samples taken before, near
and after the peak of the pulse response, believed to be
representative for the whole pulse response. These are
compared to normal (Gaussian) probability density curves
with mean zero and standard deviation estimated from the
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Fig. 4. Histograms of the deviation from average of samples in the pulse responses from the UGent data set. (a) An early sample taken at 0.4 ms after the pulse. (b) A
sample taken at 26 ms, about the peak of the pulse response. (c) A late sample taken at 384 ms. Comparison to normal probability density functions (black lines)
around 0 mV and with standard deviations estimated from the data shows that all deviations from average can be considered normally distributed in good

approximation.
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Fig. 6. Standard deviation of the samples as a function of their mean for the
UGent set, resulting from elimination of the sample times. The graph shows that
the standard deviation is an increasing function of the signal strength. An
analytic form of this function could be derived from appropriate interpolation.
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Fig. 7. Correlation coefficient between the sample taken at 100 ms after the
pulse and all samples from the UGent set. The graph shows a steep peak with
height 1 around 100 ms. The rest of the profile is noisy with average 0.

experimental data. Because of the apparent resemblance of the
histograms and the gaussian curves, all samples X(#;) along the
pulse response are considered normally distributed around
the mean px(#;). The Gaussian deviation from this mean is
symbolized as &(t)).

The estimated standard deviation profile (ox(z;)) is shown in
Fig. 5. The pulse response is heteroskedastic: a part of the
standard deviation is proportional to the strength of the signal,
while another part is constant. This becomes clearer if the
standard deviation oy is plotted versus the mean 1y, eliminating
time. The result is shown in Fig. 6. Clearly, an appropriate
interpolation allows to predict the standard deviation from the
strength of the signal.

4.1.2. Colored noise: Ornstein—Uhlenbeck model

Fig. 7 shows the profile of the correlation coefficient
between a base sample taken at 100 ms, in the tail of the
curve, and all samples. This figure shows a single steep peak
at 100 ms amid noise about the zero of correlation. It is
trivial that the correlation coefficient between the sample
taken at 100 ms and itself is 1. However, zooming in on the
peak would yield a correlation peak such as these shown in
Fig. 8, which reveal that the noise is colored, i.e. the
correlation coefficient does not drop to zero immediately
around the base sample. Specifically, these graphs, showing
correlation profiles with base samples chosen at the
beginning, the peak and the end of the peak response,
suggest an exponential correlation relaxation towards past
and future. This, as well as the normality, is a typical feature
of an Ornstein—Uhlenbeck stochastic process (also called a
Gauss—Markov stochastic process):
po(tj, 1) = e~ l—til/e (15)
where 6 is the correlation time (see Doob’s theorem [11]).

The Ornstein—Uhlenbeck process was originally presented
as a model for the velocity of a particle in Brownian motion
[12,13]. Here, it is a suitable model for the noise divided by its
standard deviation: (D(¢)/04(t))).

Even though the TAP reactor operates under high vacuum,
enough molecules are collected by the mass spectrometer to
consider the non-sampled electronic signal a continuous one.
Hence, to ensure this continuity, correlation between very
rapidly succeeding samples must approach 1 as the sampling
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Fig. 8. Fragments of correlation profiles derived for the UGent data set. (a) Coefficient of correlation between the first sample (taken as the pulse was given) and
neighbouring samples (black dots). (b) Correlation coefficient between the sample taken at 26 ms after the pulse and neighbouring samples. (black dots). (c)
Correlation coefficient between the sample taken at 384 ms after the pulse and neighbouring samples (black dots). These graphs suggest an exponential decrease of
the correlation coefficient towards past and future. The grey lines in (a—c) represent such an exponential relation with correlation time 6 estimated from regression of
the standard deviation profile in the frequency domain (see Fig. 10) with Eq. (20). The correspondence is satisfactory.
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interval goes to zero. Therefore, there must always exist a
certain correlation time 6, that can only be neglected if Af has
been chosen well over 0, in which case a white noise Gaussian
model is satisfactory. In the other case however, as will be clear
from the following, a colored noise model, and more precisely
an Ornstein—Uhlenbeck model is in order.

4.1.3. The time autocorrelation effect
Call (6%),, the time average variance of the pulse response.
Then

N-1

N-(0%)y = Zai

=0

N—1
(1)) = Y _oFx(@n), (16)
k=0

where the second equality is a consequence of Parseval’s
theorem. In words, the variance in the time domain is redis-
tributed in the frequency domain. As a consequence (%), is the
frequency average as well as the time average variance.

It can be proved that the autocovariance of the discrete
Fourier transform of the Gaussian noise is approximated very
well by

_ b (1 = p)Fo?(w, — )
= VN 1= 2pc05( (1 + @) [DA) + 72

where it is assumed that w, > a)q.3 p is the coefficient of
correlation of two consecutive samples. At is the sampling
interval. The expression involves the discrete Fourier transform
(Fo?(wj)) of the variance profile in the time domain. Respect-
ing (15), p is related to 6 as

qus(a)wwq) (17)

p=e A (18)
A special case of (17) is given by

> (=)0
Trol®p) = 1 —2pcos(wy, At) + p?’ (19)

It can be proved that expression (19) obeys Eq. (16) following
from Parseval’s theorem. Following directly from (19),

1—p (~2\1/2
= . 20
ore(wp) \/1 ~2pcos(w, A1) il a1 (20)

Observe that (20) implies that the heteroskedasticity of the
pulse response (as apparent in Fig. 5) is not reflected in the
standard deviation pattern in the frequency domain, but only in
the covariance pattern via Fo? in (17).

Limit values of (19) are given by

1 A

7o (0H2) = | fﬁ(rﬂ)M = coth(z—é)(az)M 1)
1— At

agq)(%) =1 +Z(UZ)M — tanh(%)(az)w (22)

* In the opposite case w, < @y, Crao(w,,®,) is found with Fo?(w, — w,)
replaced by Fo?(w,; — w,) in (17).
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Fig. 9. Semilogarithmic graph of the modulus of the average pulse response’s
discrete Fourier transform, for the UGent set. This graph shows that no
meaningful information can be extracted from the spectrum beyond 200 Hz,
where noise becomes dominant.

where /At is the Nyquist pulsation. The second equalities in
(21) and (22) are achieved by substituting (18).

Correlation p between subsequent samples taken by the
mass spectrometer causes an increase of the variance of the
discrete Fourier transform at low frequencies and a decrease at
high frequencies. This contrast becomes more pronounced if p
increases. For example, as it may be derived from (21), in case
the sampling interval Ar is half the correlation time 0, the
standard deviation at O Hz is doubled by the correlation effect.
This effect can become very important when sampling at high
frequencies is required by e.g. fast diffusion of the pulse
through the reactor bed.

Consider the profile of the modulus of the average signal in
the frequency domain, as depicted in Fig. 9. Clearly, the
relevant information contained in the discrete Fourier transform
is concentrated in the frequency domain from 0 to 200 Hz,
while the Nyquist frequency is 1250 Hz. Generally spoken, at
reasonably low sampling intervals Az, the information
contained in the spectrum of a recorded TAP-signal is restricted
to the low frequency region. This is precisely the region where
autocorrelation causes an increase of the standard deviation. It
is concluded that this autocorrelation causes an unfavourable
increase of the level of uncertainty. As was already stated, this
effect becomes important when sampling is carried out at high
frequencies.

It can be derived from Eq. (21) that if the sampling interval
is higher than 2.5 times the correlation time 6, the low
frequency standard deviation stays within 10% of (02)11‘,1/2. In
this case, the unfavourable time autocorrelation effect can be
neglected. Increasing the number of samples N by increasing
the sampling frequency 1/A¢ while keeping the total collection
time T = N At constant essentially does not change the mean
variance (02)M in the time domain. As a consequence of
Parseval’s theorem (see Eq. (16)) (6% is also equal to the
mean variance in the frequency domain and also, as there is
assumed not to be a time autocorrelation effect, the mean
variance at 0 Hz:

0%4(0Hz) = (07),,. (23)
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On the other hand, consider the limit case in which the
sampling interval is much smaller than the correlation time. In
that case, Eq. (21) can be approximated by
0%,(0Hz) = —(6?),, =N - =(0?),,. (24)

Fo Ar M T M

As the interesting frequency region is around O Hz, the
relative error of FX(0 Hz) gives a good idea of the quality of
the estimation of any physico-chemical parameters carried out

by regression of the mean pulse response with suitable
expressions. Firstly, it follows from definition (11) that

nrx(0Hz) ZMX (1) (25)

Ao N Ao
= N T,
VN At T
where A is the area under the ideal continuous pulse response.

In the low sampling frequency limit, the relative error of FX
(0 Hz) is found from Egs. (23) and (26):

O’]:q)(o HZ) 1 T
nrx(0 Hz) ~ /N A

The relative error is inversely proportional to the square root of
the number of samples N. This shows that as long as the
sampling interval At is kept well above the correlation time
6, increasing the sampling frequency while keeping the total
collection time 7 constant will improve the precision of para-
meter estimations by regression. In the high sampling fre-
quency limit however, combination of (24) and (26) yields

\/iT“ \/ (o (28)

The relative error is no longer dependent on the number of
samples N. This means that the precision of parameter estima-
tions by regression will hardly improve by increasing the
sampling frequency even further.

In summary, increasing the sampling frequency will improve
the precision of parameter estimations by regression. However,
once the sampling interval Af has been made smaller than the
correlation time 6, this quality will approach its upper limit. The
memory required to store the pulse responses is proportional to
the sampling frequency. Assume that the sampling frequency is
already high enough for the spectrum to cover even the fastest
of the observable physico-chemical phenomena. Then increas-
ing the number of recorded pulse responses rather than the
number of samples per pulse (keeping 7 constant) is a better
strategy to improve parameter estimations. Indeed, this
improvement will be at least as high as if the extra memory
needed to do so was used to increase the sampling frequency. Of
course, the number of recorded pulse responses is still limited to
the point where the change of the catalyst state can no longer be
considered insignificant (see Section 3.1).

Suppose an experimentalist plans to record a series of TAP-
pulse responses and attaches great importance to the precision
of the resulting average pulse response. In this case, he should

1rx(0Hz) ~ (26)

(0)u- 27

ore(0 Hz)
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Fig. 10. Estimated standard deviation vs. frequency of the discrete spectrum of
the pulse responses from the UGent set (grey curve). Steep peaks about 0, 50,
150 and 250 Hz are marked by a small black circle. Abstracting these peaks,
regression with Eq. (20) gives a reasonably good correspondence to the
experimental profile. The curve resulting from the regression is shown in black.

collect a considerable number of responses taking care,
however, to avoid a significant change of the catalyst state.
Secondly, he should establish a sampling interval Az about the
correlation time 6 or less. There is little point to applying even
higher sampling frequencies.

4.1.4. Noise characterization

The parameters (02),],4,/2 and p can be estimated from
regressing the observed standard deviation pattern in the
frequency domain, (o zx(w,)), with the right hand side of (20).
Fig. 10 shows this profile. Steep peaks about 0, 50, 150 and
250 Hz attract attention. These are due to other random
phenomena which will be discussed in subsequent sections. For
now, it suffices to note that these effects can easily be abstracted
by deleting the narrow peaks from the profile. Such an
abstraction is impossible in the time domain, which is why it
would be imprecise to estimate (0P directly as the average of
Cx(t, t) using (10) for all j from O to N — 1. For the same
reason, it would not be advisable to estimate p directly from
correlation graphs such as these in Fig. 8.

Non-linear regression of the experimental sequence
(orx(wj)) with Eq. (20) is carried out. The resulting curve
is shown in Fig. 10 and the correspondlng parameter
estimations are p=0.603 4+ 0.006 and (02) =0.531 +
0.003 mV (95% confidence intervals).

The correlation time 6 can be derived from p using Eq. (18).
Thisyields6 = 1.97-Az(= 0.789 ms). This value can be verified by
plotting the theoretical prediction (15) of the correlation profile
(px(t)) together with its experimental estimation, which has been
done in Fig. 8. As is clear from the foregoing, the deviations are
largely due to the presence of the non-Gaussian random processes
that will be discussed in the subsequent sections.

4.2. Spectrally localized noise: mains frequency
interference

Consider the estimated standard deviation profile in the
frequency domain of the WUSHtL set, shown in Fig. 11. A large
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Fig. 11. Estimated standard deviation vs. frequency of the discrete spectrum
of the pulse responses from the WUSLtL set (grey curve). Small black circles
mark steep peaks at 50, 70, 110 and 120 Hz. The black curve shows the
result of regression with Eq. (47), after abstraction of the marked peaks. The
result is satisfactory, although the regression of the peak about 60 Hz is not
perfect. This suggests that a simple proportional relation is not the perfect
model for the interdependence of the amplitude of the 60 Hz noise and the
signal strength.

peak at 60 Hz and a smaller one at 120 Hz attract the attention.
Similar peaks, at 50, 150 and 250 Hz, were present in the
standard deviation profile of the UGent set (see Fig. 10). The
mains frequency in America, where the WUStL data set was
collected, is 60 Hz. The mains frequency in Europe, where the
UGent data set was collected, is 50 Hz. Apparently, some noise
present is spectrally localized about the harmonics of the
frequency of the electric energy transmission.* This must be
due to an interfering effect exerted by electric devices near the
mass spectrometer, or an undesired direct influence of the mass
spectrometer’s ac power supply. Small peaks about 50, 70 and
110 Hz are also present in the standard deviation profile of the
WUSTtL set in the frequency domain. This shows that noise can
also be spectrally localized at frequencies that are no harmonics
of the mains frequency. However, interfering effects exerted by
electric devices present near the mass spectrometer can still be
believed to underly this noise. These devices may be part of the
TAP apparatus itself.

As a model for the transient process, consider that a
pulse response (X(t)) is the superposition of the ideal pulse
response (1 x(#;)) and a stochastic process (/1#)) respresenting
an oscillating noise with fixed pulsation w, =2mp/N At €]0,
m/At [but amplitude (A(#)) variable along the pulse response,
as (0(t)) was variable in the Gaussian noise.

I(t;) = A(tj)cos(w,tj + Oy), (29)

where ©,, is a random variable representing the random initial
phase of the oscillation. Autocorrelation in the time domain is

4 As far as the data from the UGent set are concerned, it is notable that only
the odd harmonics are present. The cause of the absence of the even multiples is
unknown. However, even multiples were observed beside the odd multiples in
other pulse response sets collected at Ghent University.

readily found to be

A(tj)A(t)

Critj,n) =—">

cos(wp(tj — t)). (30)
Clearly, the TAP-noise is colored.

The variance profiles in the time and frequency domain are
given by

2
(1) = G1)
1
orp(w)) = Z(|fA(w\p7j|)‘2 + | FA@ (i ))s (32)

respectively, where

s when s <N

f(s)_{s—N when s>N° (33)

In a first approximation, it is useful to assume that the
amplitude is linearly related to the signal strength:

A(tj) = auy(t) + B (34)
so that
FA(w;) = aF ux(o;) + VNS o, (35)

where o and g are positive. The Kronecker delta symbol §,, is 1
if a is equal to b but O else. Substitution of (35) into (32) yields
after some manipulations

[ (| F s (@) i) + | F 1ix (@ i y)7)

a b

+ N3, (B + 2aBiiy )], (36)

Uifr (w)) =

N

where px s is the time average mean signal strength. If the
amplitude A(#) is constant, @ =0, there is a discrete standard
deviation peak at the pulsation w, of the oscillation. If A(#)) is
purely proportional to the signal strength, 8=0, there is a
continuous peak about w,. In other words, variability of the
amplitude causes broadening of the standard deviation peak in
the frequency domain. Mostly, term b in (36) can be neglected
with respect to term a. Therefore, the flanks of the peak have the
shape of the modulus profile in the frequency domain. If both «
and Bin (34) differ from zero, the standard deviation peak consists
of a discrete peak at w,, superposed on a continuous peak around
wp. The model presented will be validated in Section 5.

If possible, spectrally localized noise should be reduced by
preventing the electrical interference at its root. However, its
complete elimination might prove unattainable. The presence
of spectrally localized noise reduces the quality of parameter
estimations carried out by regression if it overlaps spectrally
with the ideal signal. Specifically, noises localized around low
frequencies are most disadvantageous.
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Fig. 12. Surface area under the pulse response curve vs. the number of the pulse
for the WUSLL data set. As the area is proportional to the intensity of the pulse,
this gives an impression of the variability of this intensity. The graph shows
short-term random behaviour and slow trends.

4.3. Pulse intensity and mass spectrometer sensitivity

In many cases, the intensity of the TAP reactant pulses is
poorly reproducible. In reality, different trends may be
observed and overlapped, e.g.

A. The drop in pulse intensity over a long pulse series could be
due to a decrease in pressure in the blend tank with each
pulse, though the number of molecules per pulse is small
(1013—1015 molecules).

B. The temperature of the pulse valve tends to increase with use
so the resistance in the wire coils increases, causing a slight
decrease in the pulse intensity.

C. The pulse intensity drifts if the manifold temperature
changes significantly [1].

Fig. 12 gives an impression of the variability of the pulse
intensity for the WUSLtL data set. Each point corresponds to the
surface area under the curve of a pulse response. The graph
shows short term random behaviour superposed on slower
fluctuations. No periodic phenomena have been revealed by
taking the discrete Fourier transform.

In the case where no reactions or only first order or quasi-
linear reactions take place in the reactor, the shape of the pulse
response is not affected by the intensity of the pulse. Therefore,
the influence of the variability of the pulse intensity can be
modelled by thinking the mean pulse response (ux(?)) is
multiplied by a random factor 1 + ¢ A, so that the pulse response
(X(1))) becomes the superposition of (ux(#;)) and the stochastic
process (¥(1))):

w(1)) = ¢Apx(t)), (37)

¢ is a dimensionless constant much smaller than 1 and A is a
stochastic variable with mean 0 and standard deviation 1 but
unknown distribution. Obviously, ¢ must be expected different
for each pulse valve. In fact, as the pulse intensity is amenable
to trends, ¢ must be expected different for each experimental
series.

Although the uncertain contribution (¥(#;)) mostly has to do
with an imperfect pulse gas delivery, as reflected in the
enumeration A-C above, it can also be rooted in slow
fluctuations of the mass spectrometer’s sensitivity. In either
case it would not be appropriate to denote (¥(t;)) as noise as it is
no time-varying stochastic phenomenon but a phenomenon
varying from pulse to pulse.

It is easily verified that the autocovariances in the time and
the frequency domain are given by Cy(t;, f) = u x(8)- x(ty)
and  Cry(w,,0,) = PFux(w,) - Fux(w,), respectively.
Especially, the variance profiles (0,(;)) and (0%, (w;)) are
defined by

o3 (1)) = Cux(t)’ (38)
and
o2y (0)) = E|Fpux(w). (39)

Variability of the pulse intensity is reflected in a standard
deviation peak about 0 Hz. Fig. 11 indeed shows such a peak.
As is clear from (39), its flank has the shape of the modulus
profile in the frequency domain.

In practice, area normalization after baseline correction
rules out the uncertainty caused by the variability of the pulse
intensity or mass spectrometer sensitivity. However, as to some
extent it would deform the noise present, area normalization
was not applied to the data sets presently used with the purpose
to characterize the noise.

4.4. Absence of cross-effects

Consider the natural case where multiple noise types are
present in the pulse responses. In the most general case, a pulse
response must be considered a superposition of the ideal pulse
response and stochastic processes due to the uncertainty
concerning the intensity of the pulses (type ¥, Section 4.3), an
Ornstein—Uhlenbeck noise (type @, Section 4.1) and multiple
spectrally localized noises (type I, Section 4.2) with different
pulsations w,,.

Stochastic processes of type ¥, @ and I have different
origins. Therefore, they can be considered stochastically
independent. As a result, they are uncorrelated so that their
autocovariances can simply be added up. In the time domain:

Cx(tj, tk) = Cl]/(tj, l‘k) + Cgb(l‘j, tk) + Cp(tj, tk) 40)

ox(t)) = 0y (1)) + a3 (1) + o7 (1)), (41)

and in the frequency domain:

Crx(wj, wr) = Cru(wj, wx) + Cro(wj,wr) + Crr(w;, wr)
(42)

0rx(@)) = 0%y (@) + 05 (@) + 05 (). (43)

Multiple spectrally localized noises (type I') with different
pulsations @, have a common origin: the electric energy
transmission. Therefore, it is not a priori ensured that they are
stochastically independent. However, if their mutual phase
differences at the start of each new pulse response recording are
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completely random, i.e. have no expected value, they are
uncorrelated. This is a fair assumption, even if there is a constant
phase difference between the oscillations in the global time
frame.> The mutual phase differences between spectrally
localized noises with equal pulsation can be expected to be
constant. Therefore, cross-effects cannot be excluded in this case.

It can be concluded that the autocovariances of all stochastic
processes can simply be added to give the autocovariance of the
pulse response, both in the time and the frequency domain, as
long as there are no multiple spectrally localized noises with
equal pulsation.

4.5. Deviation from normality

Of the three forms of uncertainty discussed, only the first is
Gaussian. The distribution of the samples of a spectrally
localized noise (I1#;,)) defined by (29) is known, but non-
Gaussian, U-shaped:

dx

T\ A1) — 22 (44)

for all —A(r;) <x<A(t)).

Plx<I(tj)<x+dx] =

The distribution of the samples of a stochastic process (¥(#;))
defined by (37), due to uncertain pulse intensity or mass
spectrometer sensitivity, is unknown. Only the standard
deviation profile (07,(7;)) can be estimated and the mean is
known to be zero everywhere, by definition. As this form of
uncertainty is liable to drifts, the stochastic process (¥(t)))

e can be expected to differ from experimental series to
experimental series,
e must be expected to be non-Gaussian.

As a consequence, the distribution of the deviation from the
mean

s
X(t)) = px(t)) = D)) + > _Tilt)) + (1) (45)
k=1
is generally not normal. As known, the traditional mean-square
regression method for determining model parameters is based
on the assumption of normal distribution [14]. Therefore, its
direct application to TAP-data analysis is generally not valid.
Thus, in principle, the deviations from average have to be
transformed to become normally distributed prior to the regres-
sion. During the regression, the heteroskedasticity of the pulse
response must be taken into account.

5 As an example, consider as noise an oscillation with frequency 60 Hz, the
American mains frequency. Say a pulse is given every 5 s. This is exactly 300
times the period of the oscillation. Therefore, the phase of the oscillation is
expected to be the same at the moment each pulse recording is started. However,
the mains frequency is not 100% constant and 100% precision is neither
attained by the pulse timer. For these reasons, the initial phase of the oscillation
can be considered random. To gain absolute certainty about this, a small random
time interval could be left between the end of each pulse recording and the next
one.

5. Full noise analysis

It was justified in Section 4.4 that the variance profiles due to
the different uncertainty effects could simply be added to obtain
the total variance profile. In the most general case where there is
Gaussian noise, an uncertain pulse intensity and S spectrally
localized noises, an expression derived from Egs. (19), (39) and
(36) applies:

2 N (1 =)0y 2 N2
Trx(@)) = 1 — 2pcos(w, At) + p? +E1F (o))l

1 S
#32 [@F (o) + Frx(o i)
k=1

+ N8, (B + 2ak.3kﬂx,M)] . (46)

As an example, the noise present in the WUStL data set has
been analyzed. Here, the sampling interval is 4 ms. If it is
assumed that the correlation time 6 is about the same as the one
found for the UGent set: 0 ~ 0.789 ms, the ratio A#/8 is about 5.
As this value is higher than 2.5, the unfavourable autocorrela-
tion effect on the variance profile in the frequency domain can
be neglected (see Section 4.1). This amounts to putting p = 0 in
(46).

Fig. 11 shows five spectrally localized noises: at 50, 60, 70,
110 and at 120 Hz.° The noises with frequencies of 50 and
110 Hz are neglected. Therefore, in (46), S = 3 and, from (13),
p1=N Ar-60 Hz, p, = N At-70 Hz and p; = N Ar-120 Hz.

Eight parameters remain unknown: (D & ar, Brs a2, Bas
a3 and B;. Multiple regression attempts have shown that the
most meaningful correspondence between the observed and
theoretical standard deviation profile is obtained assuming that
the amplitude of the oscillation of 60 Hz is perfectly
proportional to the signal strength, B; =0, and that the
amplitude of the noise about 70 Hz is constant, o, = 0.

If the values j € {p,, p3} are excluded from the domain of
interest, it is derived from (46) that

(02)y + | Fx(w;)” + }TZke{l,S}
o <|fﬂx(wpk—j)|2 + fﬂx(wﬂpm)lz)

(47)

orx(w)) =

Eq. (14) stated that the elements of the discrete Fourier
transform beyond the Nyquist pulsation can be derived from
those before, corresponding to the fact that they do not add
physical meaning to it. For that matter

0.27-'/LX (wj) = 0.27'-[tx (a)N*j)' (48)
Therefore, the domain of interest is further reduced to the first
half of the discrete Fourier transform.

Eq. (47) has four unknown parameters: (02)}1‘4/2, £, ap and os3.
These are estimated by non-linear regression of the observed

© The peak about 0 Hz is due to a variable pulse intensity.
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Table 1
Parameter estimates with their 95% confidence intervals obtained by non-linear

regression of the observed standard deviation profile in the frequency domain
with Eq. (47)

Parameter Value Unit
( 02)11‘4/2 0.00497 £+ 0.00029 A\
g 0.0434 + 0.0002 -
o 0.0281 =+ 0.0003 -
a3 0.00266 £+ 0.00039 -

The regression is shown in Fig. 11.

standard deviation profile with (47), abstracting the singular
points at 50, 70, 110 and at 120 Hz to improve the regression.
The result is shown in Fig. 11 and yields the results listed in
Table 1.

The standard deviation profile resulting from this regression
may be symbolized as oz sit(w;). From comparision of (46)
and (47), it is clear that there is still a deficit at the frequencies
70 and 120 Hz:

N
O']-‘X(a)pz)z - foﬁfn(wpz)z = Z'B% “9)
2 2 _ N 2
orx(wpy)” — orxfi®p,)” = 4 (B3 + 233 tx - (50)

Estimations of 8, and 5 can be obtained simply by solving the
Egs. (49) and (50). This yields estimates

B, =0.00166 V (51)
and
B; = 0.00270 V. (52)

In conclusion, the uncertainty the pulse responses from the
WUSHL set are subjected to, can be modelled as the stochastic

process (X(#;) — ux(#)):
X(t;) — px(t))
= (6211 G(t)) + LAux (1)) + a1 py (t)c0s(w, 1; + ©1)

+ Bacos(wp,tj + ©2) + (azpx(t;) + B3)cos(wp,t; + O3)
(53)

where

e (G(1)) is white Gaussian noise with mean 0 and time average
standard deviation 1;

e A is a stochastic variable with mean 0 and standard deviation
I;

e w, =2m-60Hz, ,, =27-70 Hz and w,, =27-120 Hz;

e ®;, ®, and G5 are stochastic variables with uniform
distribution over [0, 27];

e the parameters (02)}1‘,;2, ¢, oy, and a3 are listed in Table 1;

e the parameters B, and B; are given by (51) and (52),
respectively.

Consider the experimental interdependence of the standard
deviation and the mean, shown in Fig. 13. In good
approximation, the standard deviation is proportional to the

10+
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)

10 4 55

< o o T

standard deviation (V)

= T T T T T T 1
107 107 107! 10° 10'

average (V)
Fig. 13. Logarithmic graph of the standard deviation of the samples as a
function of their mean for the WUSLL set, resulting from elimination of the
sample times. The graph shows that the standard deviation is more or less
proportional to the signal strength, although the standard deviation axis inter-

cept differs from zero. This means that some noise remains present once the
pulse response is near extinction.

signal strength, although it differs slightly from zero at zero
signal strength. This corresponds to the result of the noise
analysis. Indeed, the most important uncertainty effects, about
0 and 60 Hz, are found to be more or less proportional to the
signal strength, while less important ones depend less on this
signal strength.

The Gaussian noise is not believed to be due to avoidable
interference. Therefore, it may be called the ‘“‘essential”” noise.
This analysis shows the standard deviation of the essential noise
in the WUStL case to amount to about 0.1% of the peak
response. In the case of the UGent set, this was about 4% (see
Section 4.1.4). This difference is not surprising, as the UGent
data set was collected on a TAP-1 setup, while the WUSHtL set
was the result of experiments performed on a TAP-2 setup.
Compared to the TAP-1 system, the TAP-2 has the advantage
that the mass spectrometer collects a higher fraction of the
molecules leaving the reactor. Therefore, the signal is stronger
and less sensitive to essential noise. In the case of the presently
analyzed noise (WUStL data set), the Gaussian noise is clearly
negligible with respect to the spectrally localized noise and the
uncertainty caused by a variable pulse intensity. From the
parameter estimates listed in Table 1, or even the mere
observation of Fig. 11, it is clear that the spectrally localized
noise is rather important. For example, the amplitude of the
60 Hz oscillation is about 3% of the signal strength. Clearly it
would be interesting to examine if the interference causing the
spectrally localized noise could be reduced in a physical
manner. The present noise analysis, applied to data collected at
Washington University, revealed a pulse intensity variability of
about 4%. This is a typical number [2] and similar variabilities
have been derived from data collected at Ghent University.

6. Conclusions

Noise limits the precision by which physico-chemical
parameters can be estimated by regression of pulse responses
obtained on TAP-setups. These pulse responses are assumed to
be liable to two types of noise. The first is Gaussian with
standard deviation increasing as a function of the signal
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strength. When this type of noise is dominant, which is likely in
pulse responses recorded on TAP-1 setups, its colored character
puts a limit to the improvement of the precision of the
parameter estimations achievable by increasing the sampling
frequency of the signal. The second type of noise is spectrally
localized, mostly around harmonics of the mains frequency.
This noise is caused by interference by electric devices near the
mass spectrometer, possibly part of the TAP apparatus itself, or
directly by the mass spectrometer’s ac power supply.

Analytical expressions have been presented for the
autocovariance of the pulse response, both in the time and
the frequency domain. Specifically, regression of the observed
standard deviation profile in the frequency domain with the
analytical expression, allowed to derive quantitative informa-
tion about the fine structure of the noise. The presently
developed error analysis can be applied to single-pulse TAP-
data resulting from diffusion/reaction phenomena.
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